Abstract. In this note, we classify Stein fillings of an infinite family of contact 3-manifolds up to diffeomorphism. Some contact 3-manifolds in this family can be obtained by Legendrian surgeries on (S 3 , ξ std ) along certain Legendrian 2-bridge knots. We also classify Stein fillings, up to symplectic deformation, of an infinite family of contact 3-manifolds which can be obtained by Legendrian surgeries on (S 3 , ξ std ) along certain Legendrian twist knots. As a corollary, we obtain a classification of Stein fillings of an infinite family of contact hyperbolic 3-manifolds up to symplectic deformation.
, Lisca classified the Stein fillings of universally tight lens spaces up to diffeomorphism.
In [21] , Plamenevskaya and Van Horn-Morris showed that there is a unique Stein filling, up to symplectic deformation, of L(p, 1) with a virtually overtwisted tight contact structure. In [12] , among other classes of manifolds, the first author classified Stein fillings of virtually overtwisted tight contact structures on the lens space L(pm + 1, m) for p, m ≥ 1, up to symplectic deformation. In [18, 19] , Ohta and Ono classified the Stein fillings of some links of simple singularities. In [22] , Schönenberger showed that the Stein filling on some contact Seifert fibered spaces are unique up to diffeomorphism. In [23] , Starkston gave finiteness results and some classifications, up to diffeomorphism, of minimal strong symplectic fillings of certain contact Seifert fibered spaces over S 2 .
In this note, we classify the Stein fillings, up to diffeomorphism, or up to symplectic deformation, for an infinite family of contact 3-manifolds including an infinite number of contact hyperbolic 3-manifolds. This is the first known classification for any contact hyperbolic 3-manifolds.
These contact manifolds are supported by particular open books, which we describe now.
Let Σ be a compact planar surface with n + p + q + 1 boundary components c 0 , c 1 , . . . , c n+p+q as shown in Figure 1 , where n, k, p, q ≥ 1 and n ≥ k. Let Φ be a diffeomorphism which is a composition of right handed Dehn twists written as Φ = τ The open book shown in Figure 1 covers a lot of interesting special cases. We describe a few of them below. In (S 3 , ξ std ), let L be a Legendrian twist knot, K −2p , with ThurstonBennequin invariant −1 and rotation number 0, where 2p denotes the number of left-handed half twists. If p = 1, then it is a right handed trefoil. According to [5] , such a Legendrian twist knot L is unique. See Figure 2 for one of its front projections. Let n, k ≥ 1 be two integers such that n ≥ k. Let S n−k
− (L) be the result of n − k positive stabilizations and k − 1 negative stabilizations of L. A Legendrian link one of whose components is a Legendrian twist knot K −2p , where the box consists of 2p − 2 Legendrian tangle S's which is defined in [5] . There are k − 1 upward cusps of the Legendrian K −2p each of which hooks m i − 1 Legendrian unknots for i = 1, . . . , k − 1. There are n − k downward cusps of the Legendrian K −2p each of which hooks m i − 1
Legendrian unknots for i = k + 1, . . . , n.
Another application of the above observation is classifying Stein fillings of manifolds obtained by Legendrian surgeries along some Legendrian 2-bridge knots. Figure 3 depicts a 2-bridge knot B(p, q), where p, q are positive intergers. If q = 1, then it is the twist knot Rest of the paper is organized as follows. In Section 2 we recall some basic notions from mapping class groups and contact geometry. In Section 3 we give proofs of all our results. 
Background
In this section, we recall some basic notions from mapping class groups and give an explicit presentation of the planar mapping class groups to be used throughout. We also describe a technique used to understand surgeries along Legendrian knots through open books.
2.1. Planar mapping class group. Let D n denote a sphere with n + 1 open disks removed.
We number the boundary components as c 0 , c 1 , . . . , c n . By fixing an outer boundary component, denoted by c 0 , we can embed the sphere in R 2 . A mapping class group of D n is a group of diffeomorphism up to isotopy such that the diffeomorphism fixes the boundary pointwise.
We will denote the mapping class group by M ap(D n , ∂D n ) and will call it planar mapping class group. It is a well known fact that the mapping class group of any surface is finitely presented, see [6] . We use a particular presentation of the mapping class group of a planar surface due to Margalit and McCommand, [16] . We briefly describe their presentation.
For this presentation, we assume the boundary components are arranged at vertices of a regular n-gon. We call a curve convex, if it is isotopic to the boundary of a convex hull of a collection of boundary components. A Dehn twist about a convex curve is called convex Dehn twist. According to [16] , mapping class group of D n is generated by convex twists. The relations are given by 
is the interior of a compact surface S θ with ∂S θ = B for all θ ∈ S 1 .
Given an embedded open book decomposition as above, since π is a locally trivial fibration over S 1 , it is completely specified by a diffeomorphism of the fiber surface S. • S is an oriented compact surface with boundary called the page of the open book decomposition.
• φ : S → S is a diffeomorphism of S such that φ| ∂S is the identity. The diffeomorpshim φ is called the monodromy of the open book decomposition.
Given an abstract open book decomposition (S, φ), we get a 3-manifold
where ∼ is the equivalence relation (x, 1) ∼ (φ(x), 0) for x ∈ S, and (y, t) ∼ (y, t ) for y ∈ ∂S,
Note that an abstract open book decomposition (S, φ) determines an oriented closed manifold M φ and an embedded open book decomposition (B φ , π φ ) up to diffeomorphism.
Remark 2.4 (see [4] ). The basic difference is that when discussing embedded open book decompositions we can discuss the binding and pages up to isotopy in M , whereas when discussing abstract open book decompositions we can only discuss them up to diffeomorphism. of M if ξ can be isotoped through contact structures so that there is a 1-form α for ξ such that:
• α > 0 on B.
• dα is a positive area form on each page S θ of the open book decomposition.
A twists. The proof of this result tells us how to construct a Stein filling from (S, φ) and a given a positive factorization of φ. We briefly recall it here. To do so we first need to recall a few facts about Lefschetz fibrations. We refer the reader to [9] for more details.
Suppose X is an oriented 4-manifold, and D 2 is an oriented 2-dimensional disk. The smooth map f : X → D 2 is a Lefschetz fibration if df is onto with finitely many exceptional points in the interior of D 2 , the map f is locally trivial in the complement of these exceptional points, and around each of the exceptional points, f can be modelled in some choice of complex
is a compact smooth surface S. This surface S is called the regular fiber. At each critical value p ∈ D 2 , f −1 (p) is a singular surface with exactly one positive transverse self-intersection point, we call it a singular fiber. One can assume that all the critical values, p 1 , . . . , p n are isolated and monodromy of the fibration around each critical value p i , is specified by an element of M ap(S, ∂S). This element is given by a right handed Dehn twist about a non trivial curve α i ⊂ S. The global monodromy of the fibration is given by the product of Dehn twists
For positive factorizations, a Hurwitz move is defined by
for 1 ≤ i < n. Two positive factorizations are Hurwitz equivalent if one of them can be obtained from the other by finitely many Hurwitz moves.
In addition, to remove the the dependence on choice of the reference fiber, the Dehn twists are thought of as elements of the mapping class of an abstract surface S. This requires the choice of an identification diffeomorphism and induces an equivalence relation on the set of mapping class group factorizations: global conjugation. It is defined as
where f is a diffeomorphism of Σ which is an element of M ap(S, ∂S).
Given an abstract open book decomposition (S, φ) of the manifold (M, ξ) and a positive factorization of φ by τ α 1 . . . τ αn , where α 1 , . . . , α n are nontrivial curves in S, one can construct a Lefschetz fibration X which has global monodromy τ α 1 . . . τ αn , and is diffeomorphic to
, where H i is a 4-dimensional 2-handle attached along α i in a fiber of S × ∂D 2 → ∂D 2 with relative framing −1. Note that the diffeomorphism type of X is unique up to Hurwitz equivalence and global conjugation of the positive factorization of φ. According to [3] , X admits a Stein structure, and ∂X is diffeomorphic to M . Furthermore, the contact structure on M induced by this Stein filling agrees with the contact structure supported by the open book decomposition (S, φ) through the Giroux correspondence. Hence, X gives a Stein filling of (M, ξ).
Conversely, given a Stein filling, X, of (M, ξ), one can construct a Lefschetz fibration of X (see [1, 15] 
Here L is thought of as simple closed curve sitting on the surface S. Since all the knots involved in our theorems are stabilized, we will be using this lemma extensively.
Classification of Stein fillings
We begin by observing a purely combinatorial lemma. The purpose of this lemma is to get restrictions on the curves which can appear in any positive factorization of the given monodromy in terms of Dehn twists. Refer to Figure 1 for the notation used below. 
Since M n+q,j = 0 for j ∈ {n + q + 1, n + q + 2, . . . , n + q + p}, M r,n+q = 1 for r ∈ {1, . . . , k − 1, k + q, . . . , n + q − 1}, and M s,t = 0 for s ∈ {1, . . . , k − 1} and t ∈ {k + q, . . . , n + q − 1}, the two monodromy curves B 1 and B 2 enclose {c 1 , . . . , c k , c k+q−1 , c n+q } and {c k , . . . , c n+q−1 , c n+q } respectively.
For j ∈ {n + q + 1, n + q + 2, . . . , n + q + p}, M j = m j and M i,j = 0 for any i ∈ {1, 2, . . . , n + q + p} and i = j. So c j is enclosed solely by m j boundary parallel monodromy curves.
For i ∈ {1, . . . , n + q − 1}, there are no non-boundary-parallel monodromy curves, other than B 1 and B 2 , enclosing c i . Suppose otherwise, then for some j, h ∈ {1, . . . , n + q − 1}, there is a monodromy curve, other than B 1 and B 2 , enclosing c j and c h . If either j or h do not belong to {k, k + 1, . . . , k + q − 1}, then j and h cannot belong to {1, . . . , k − 1} and {k + q, . . . , n + q − 1}, respectively. So M j,h ≥ 2. However, from the original positive decomposition of Φ, we have M j,h = 1. So we arrive at a contradiction. If both j and h belong to {k, k + 1, . . . , k + q − 1}, then M j,h ≥ 3. However, also from the original positive decomposition of Φ, we have M j,h = 2. So we arrive at a contradiction as well.
Hence for i ∈ {1, . . . , n+q −1}, there are m i boundary parallel monodromy curves enclosing c i . But still B i enclose the same set of holes as B i for i = 1, 2. With abuse of notation we still call these new set of curves as B 1 and B 2 , as Lemma 3.1 only specifies the curves B 1 and B 2 up to the set of holes enclosed by each of these holes. So using commutativity of boundary parallel Dehn twists and Hurwitz moves one can arrange the factorization as above.
In our case, since we only have two non boundary parallel monodromy curves, a Hurwitz move is also a global conjugation.
3.1. The positive factorizations. In this subsection, we prove that τ B 1 τ B 2 has at most 2 different positive factorizations, up to a global conjugation, in M ap(Σ, ∂Σ) for some simple cases of the surface Σ. We will reduce the above factorization to problem to these simple cases later.
In proving these results, first step will be to get restrictions on intersection number of curves B 1 and B 2 . To make sense of intersection numbers of curves, we assume for the rest of the paper that any two curves are isotoped to intersect minimally. We assume that each of the boundary components is filled by a disk with one puncture. To avoid confusion, we will call this surface D 3 still. Note that the curves B 1 and B 2 fill the surface 
with the following properties:
(1) An element g ∈ τ B 1 , τ B 2 is periodic, reducible, or pseudo-Anosov according to whether ρ(g) is elliptic, parabolic, or hyperbolic.
(2) When ρ(g) is hyperbolic the pseudo-Anosov mapping class g has stretch factor equal to the larger of the absolute values of the two eigenvalues of ρ(g).
The matrix ρ(g) is called an affine representative for g. and B 2 with each nontrivial arc in the surface is the same. In particular, for the arc γ shown in the left of Figure 5 , the algebraic intersection number of B 2 and γ is 0, and the geometric intersection number of B 2 and γ is even.
If I(B 2 , γ) = 0, then it is easy to see that B 2 is isotopic to B 1 . This is impossible by the above argument. Figure 5 . Under this operation, B 2 is cut into a collection of properly embedded arcs which are pairwise disjoint. Each of these arcs is one of the following three types.
• Type I: Both end points of the arc are on the left edge of the rectangle.
• Type II: Both end points of the arc are on the right edge of the rectangle.
• Type III: The arcs have one end point on the left edge and the other on the right edge of the rectangle. If the Type I arc encloses the hole c 1 with the left edge of the rectangle, and the Type II arc encloses the hole c 2 with the right edge of the rectangle, then some power of τ B 1 will send B 2 to be the one which is formed by the two arcs shown in the right of Figure 5 . Hence Since the curves B 1 and B 2 do not intersect any of the arcs a i , the diffeomorphism τ B 1 τ B 2 does not move them. It follows that the diffeomorphism τ B 1 τ B 2 does not move any of the arcs a i as well. We claim that the curves B 1 and B 2 do not intersect any of the arcs a i . Suppose one of the curves B 1 , B 2 did intersect arcs a i for some i. Without loss of generality we can assume that curve to be B 2 . In this case, since any positive Dehn twist is right veering(see [11] ), the diffeomorphism τ B 2 will move the arc a i strictly to the right. Hence, τ B 1 should move the arc a i strictly to the left, which is impossible. Similarly, the curves The embedded open book supporting (S 3 , ξ std ) can be transformed into an abstract version (Σ, φ) with q = 1 and
So the contact structure (M , ξ ) is supported by the open book (Σ, Φ) with q = 1 and
where m i ≥ 1 for i = 1, . . . , k − 1, k + 1, . . . , n.
By Theorem 1.1, (M , ξ ) admits a unique Stein filling up to diffeomorphism. corresponds to (S 3 , ξ std ). If we transform it to the embedded version which is similar to also supports (S 3 , ξ std ). We think of B 2 as a knot in (S 3 , ξ std ).
We claim that B 2 is isotopic to the twist knot K −2p . There is an element f ∈ M ap(Σ, ∂Σ) which sends B 1 to B 1 . We denote f (B 2 ) by B 2 . According to the proof of Theorem 1.1, the given monodromy Φ has at most two different positive factorizations, up to a global conjugation, depending on the two choices for B 2 . Both of the two choices of B 2 are isotopic to the twist knot K −2p . So B 2 is isotopic to the twist knot K −2p .
We compute the page framing of shown in Figure 10 . For both of the two choices of B 2 , it is routine to check that the linking numbers of B 2 and its push-off in the page are −n. So B 2 has page framing −n with respect to the Seifert framing.
Since B 2 is not null-homologous in Σ, we can Legendrian realize it. According to the definition of open book decomposition, we know that the Thurston-Bennequin invariant of B 2 is the difference between the page framing and the Seifert framing, that is, −n. Therefore, the Lefschetz fibration X over D 2 , with fiber Σ, corresponding to the positive factorization τ 1 τ 2 . . . τ n τ n+2 . . . τ n+p+1 τ B 1 τ B 2 of Φ is diffeomorphic to D 4 , with its standard complex structure, and a 2-handle attached along a (−1 − n)-framed twist knot K −2p . Also, X has a Stein structure that arises from the Legendrian surgery along the Legendrian realized B 2 . By a theorem of Eliashberg [3] , we can extend the Stein structure uniquely to this new manifold. Since there is a unique Legendrian twist knot K −2p with Thurston-Bennequin invariant −n and rotation number n − 2k + 1, [5] , we know that the only Legendrian twist knot K −2p that can produce (S 3 −1−n (K −2p ), ξ k ) is S n−k
. This implies that all Stein structures on X are symplectic deformation equivalent. So X has a unique Stein structure up to symplectic deformation.
According to Theorem 2.6, every Stein filling of (S 3 −1−n (K −2p ), ξ k ) is symplectic deformation equivalent to a Lefschetz fibration compatible with the given planar open book decompsition (Σ, Φ). So there is a unique Stein filling on (S 3 −1−n (K −2p ), ξ k ), up to symplectic deformation.
